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The Fourier expansion of a function in the polynomials orthonormal in
[—1,1] with respect to the weight function J(x)exp{u(x)], where J(x) is the
weight of the classical Jacobi polynomials and wu(x) is a real function satisfying
some conditions, is studied. A comparison theorem on equiconvergence of this
series with certain trigonometric Fourier series is proved. 1995 Academic Press, lac.

1. INTRODUCTION AND MAIN THEOREM

The generalized Jacobi polynomials {Q,(x)}7_, orthonormal in
I=[—1, 1] with respect to the weight function

Q(x)= (1 —x)* (1 + x)? exp[u(x)], a>—1, 8> —1 (1

were investigated in [1-3]. Here J(x)= (1 —x)* (1 + x)? is the weight of
the classical Jacobi polynomials and u(x) is a real function satisfying some
conditions.

In [1, Sect. 4,2] the differential equation for the polynomial Q,(x) was
derived. It has the form

QX)L = x?) Q,(x) Q(x)] + (1 = x?) b, (x) O, (x)
+ (47 +a,(x)] Q,(x)=0, (2)

where 4,=./n(n+o+f+1); a,(x), b,(x) are the functions for which

la(x)| <cn, |b(x) <c,n™! and ¢,, ¢, are constants. This equation is
valid for the weight (1) with u(x) satisfying the following conditions:

1. w”(x)existsin I=[—1,1].

151
0021-9045/95 $6.00

Copyright € 19935 by Academic Press, Inc.
All rights of reproduction in any form reserved.



152 MARIANA MARCOKOVA

2. [If, for brevity, we put

a5 = L=, b =400,

d
vy(1)=(1— fz)é;dxu'(t), v3(t) = (1~ 1*) 4,.u"(1),

then for i=1, 2, 3, min(a, 8) > — 3 implies
[a=r)y 2 pmld<e, (3)
7

where ¢ is a constant; cf. [1, Sect. 4,2].

The sufficient condition for (3) is proved in [1, Sect. 4,3], where it is
readily seen that an arbitrary polynomial can be taken as an example for
the function u(x). Another example: u(x)=sin x or u(x)=rcos x.

Because our results are concerned with the case min(x, 8)> —1, we do
not mention the conditions for the case min(a, f) < —1.

In [2, Sects. 3,1, 3,27, Eq. (2) was transformed to

Y'+a,(z)y=0 (4)
with z=arcsinx, ze[—n/2, n/2], ¥ =dy/dz, y"=d*y/dz*, a,(z)=12+
a,(sin z) + y(z) — cos’z{b,(sin z) + u"(sin z)]/2 — [b,(sin z) + u'(sin z)]
{[b,(sin z)+u'(sin z)] cos’z —2w(z) cos z—2sin z}/4, w(z)=(1+a+p)tgz+
(2= B) sec 2, 7(z) = [0'(z) — 0*(2)/21/2.

The function

@ (z)=Q,(sin z) \/cos z Q(sin z) exp [1/2 r b,(sin t) cos ¢ dt:I
n/2
is the solution of (4); cf. [2, Sect. 3,1]. For brevity denote

g(z)=Jcos z Q(sinz),  gq,(z)=Q,(sin z) q(z). (5)

K

It is easily seen that {g,(z)}"., is the sequence of the functions orthonor-
mal in [ —x/2, n/2] with respect to the weight v(z) =1, because

f P a2) ) dz = f " 0 (sin z) Q,(sin z) cos z Q(sin z) dz

—mn/2 —n/2

= f] Quml(x) Q,(x) Q(x) dx=3,,,, M, n=0,1, ...
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In the above mentioned papers properties of the coefficients «,(z) and
the solutions ¢,(z) of (4) and also properties of the functions ¢,(z) given
in (5) were analyzed. The aim of the present paper is to study, on their
basis, the expansion of a function in the polynomials {Q,(x)}>_,, ie., to
find conditions for the function when this expansion is equiconvergent with
certain trigonometric Fourier series. The main theorem is given at the end
of this section. We give its proof in Section 3 and in Section 2 we give the
preliminary lemmas used in the proof.

Throughout the paper we shall use the following notation:

(i) nis a natural number or 0.

(i) I=[—-1,11.

(iii) I Q. x)=Y7_,ax"~* then p,=al "/al’ for n>0; p,=0.

(iv) ¢; (i=1,2,3,..) are positive constants independent of n and of x
(of t and of z, respectively),

(v) f{e..t7,(i=1,2,3,..)is the sequence, for which ¢, | <c,n 2

(vi) 1If (a, b) is an interval then the space L(a, b) is defined as usual.

Remark 1. The numbering of ¢, and ¢,,, respectively, in each lemma
and theorem is independent of the numbering in the others.

Remark 2. The integrals in this paper are those of Lebesgue.

THEOREM. Let a> —3, B> —1. Let f(x) be a function such that the
integral

[a —xz)"“’zf(x)dx:fm f(sin 1) dr (6)
4 —ni2
exists. Let
s,,(x, f)= Z aka(x) (7)
k=0

be the partial sum of the series

AL

2. @ 0l(x), (8)

k=0

where a, = {, f(x) Q(x) Q(x) dx. Then for xe(—1,1)

n/2
sl )=] fisin0) Dz, ) di+p,. )

-7

where z =arcsin x, lim,, , . p, =0, and D, (z, t) is the Dirichlet kernel.
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The proof is given in Section 3.

COROLLARY. Let a> —3, B> —3. Let f(x) be a function such that (6)
exists. If s,(x, f) is given by (7) and

Sa(z,¥) (10)

is the partial sum of the trigonometric Fourier series in [—n,n] of the
function

()= f(sin z) for ze(—mn/2, n/2)
wﬁ)_{O for zel[—m a]l—(—n/2, n/2),

thenlim,, _, . [s,(x, f)—S,(z, ¥)]=0. So the series (8) and the trigonometric
Fourier series of Y(z) in [ —n, n] are equiconvergent in the point x =sin z,
xe(—1,1)

Proof. Follows from the theorem.

Remark 3. In [4, Chap. IX], G. Szegd gave an equiconvergence
theorem for the expansion of a function into a series of classical Jacobi
polynomials and certain trigonometric series. His theorem holds for
a>—1, > —1, xe(—1, 1) assuming for the function f{x) the existence of
two other integrals instead of (6). Integral (6) is the special case of both
Szegd’s assumptions (integrals) if a=f= —3, but our theorem concerns
the case a> —1, B> —1.

2. PRELIMINARIES

Let s,(x, /) be the partial sum of the trigonometric Fourier series in
[—n,mn] of a function f(x). Let 6>0 be a number such that
{(x=9,x+d0)c{—mn,n) and f(x)eL(—=, n). For S,(x,f) and the
Dirichlet kernel D, (x, t) we recall the well-known relations (cf. [5])

x+ 3
Sue f)=] S0 Dyx, 1) d +,(x), (1)
where lim,, _, , ¢,(x)=0,

f" D,(x, 1) di| <e 6 'n, (12)
x+4

x— &8
j D,(x, t)dt}<c25‘n‘ (13)

-7
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and for n>e, xe(—m, n),
|S.(x, il <klnn, (14)
where & is independent of » but it depends on x.

The next lemmas describe some properties of the functions {q,(z}}7_,
defined in (5):

LEMMA 1. Let a> —1/2, > —1/2, ze [—n/2, n/2], a, be (—n/2, n/2),
and te(z—90,z+06)=(—mn/2, n/2) for 6 >0. Then

!qn(z)l<C17 (15)
d.' <cyn !, (16)
gn(t) + n’q, (1) =r,(1), (17)
where |r, (1) <cyn.
Proof. 1Inequality (15) is proved in [1, Sect. 2,9]; (16) follows from the

inequality |j”q,, )dz| <cyn~ !, which is proved in [3 Theorem 3,3]
because ¢'(z) is bounded and integrable on any interval {(a, b)>c
(—mn/2, m/2); (17) is proved in [3, Theorem 3,4].

LEMMA 2. For every ze [ —n/2, n/2]
2
[tz namydi=qi) (18)

— /2

Proof.
r/2
j, , gnlz, 1) g(t) dr = Z qilz )J q.(t) q(t) dt
= Z q,((z)J["'ﬂ2 0. (sin ) O(sin t) cos ¢ dt
k=0 -2
= Z ‘Ik(Z)}‘l 0.(x) O(x) dx
k=0

)J qol?) q(1) dt,
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because

ka(x)Q(x)¢x=o for k=12, ..n

Since Qq(x)=al, the integral (18) has the form

—ni2

f 2 g,(z, 1) q(t) dt = a§q(z) J al®q*(1) dt = q(z)
as a consequence of the orthonormality of the system {g,(z)}7_,.
LEMMA 3. Fora> —3, B> —1 ze(—n/2, #/2), andj,=(z—n""? z+n""?)
“[m’m,zlh q.(z, 1) q(1) dtj <cn ' (19)

Proof. Put z=arcsin x, t =arcsin 4, x — u = s(t). Using the Christoffel-
Darboux formula we have

qn(z31): Z Qk(Z)Qk(t}
k=0

= Y 0u(x) Qulu) g(z) q(2)
k=0
=pn+ l(x_ u)71 [Qn+ !(x) Qn(u) - Qn(x) Qn+ l(u)] q(Z) ‘I(f),
where 0<p, . =al’/al* " <1 (cf. [1, Sect. 2,3]). Then

J'i: —12 q”(z’ t) CI(I) dt
/2
=p"+l Ji - 42 [q"+ 1(2) q"(t) - qn(Z) qn+ l([)] Sﬁl(t) 4(1) dt

4
=Pn+1571(5+”71"2)J-

T+n”

1 [qn+ 1(.'.’) qn(t) _qn(z) 9n+ ]([)] CI(’) dt’

where the second mean-value theorem of the integral calculus was used.
Here (e (z+n "2 n/2) and the function —s () is obviously decreasing
in the interval (z, n/2). To estimate our integral we use (15) and (16) and
we obtain

<ls"Hz4n""Hep P v esn Y

n/2
J gz, 1) (1) dt
24 n— 12

=ls M z+n ") can L (20)
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Further
1
sin(z+n"'?)—sinz

1
2sin(in ') cos(z + In"1?)

ls='(z4+n"'?) =

nl‘r“Z
<12 cos(z+ in ')
<csn'? (21)
From (20) and (21) we get
mi2 ) .
j gz, 1) glt)dil <cnlesn'?=con™ 72 22
z4n-12
Similarly we prove
- -n12
“ gz, 1) q(2) dti <csn V2 (23)
—n/2

The inequality (19) follows from (22) and (23).

LEMMA 4. Let a> —4% B> —1 Assume that f(x)e L(—n/2, n/2), z €
(—n/2,7/2), and 6>0 is a number such that —nj2<:—-06<z+0d<mn/2
Then

fim I5 10 gz 1) q) di=0

n— x z

and

z2~3

lim f(t) gz, )g(t)dt=0.
2

n—= Y gy

Proof. We use the Christoffel-Darboux formula and the Riemann-
Lebesgue theorem, which holds also for uniformly bounded orthogonal
systems (cf. [5, Chap. II, Theorems (4.4), (4.6)]). The inequality (15)
shows that the system {g,(7)}>_, is uniformly bounded in [ —n/2, z/2].

LEMMA 5. Let a>—14, > —4. Let ze(—n/2,n/2) and 6>0 be a
number such that js=(z~9,z+ )= (—n/2, n/2). Then for every tej;

aulz, ) q(1)=[g(2) +&,,] D,(z, 1) + 0,(1), (24)
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where {a,(¢)}/_, is a uniformly bounded sequence in j; and D,(z, r) is the
Dirichlet kernel.

Proof. We use the differential equation (17) and the Christoffel-
Darboux formula, which imply

S([) qn(z’ t)=pn+l[qn+|(z)qn(t)_qn(:) qn+ 1(’)]5

where s(71)=sinz—sint, 0<p, ., < 1. Denote ¥ (1) =s(t) q,(z, t). Then we
have

Yoty =p,1[gn (2 gu(8) — 4,(2) g, 1 (D) ] (25)
According to (17)
4. (1) = —(n+2)" q.(t) + B.(2), (26)
Gn ()= —(n+ 31 g, (1) +7,(0), (27)
where
By =r)+(n+ D) qu), ) =r, () + 1+ ¢, (1)
with estimates
1But) <cn+cn=cyn (28)
and
[y (D] <ci(n+ 1)+ cyn<cyn (29)
Substituting (26) and (27) into (25) we get the differential equation
W)+ (n+ 3 Y,(1)=90,(2), (30)

where 8,(1) =, 4 [4ns 1(2) B(1) = 4,(2) 7,(1)]. The solution of (30) is the
function

Va(t)=v,sin[(n+3)(z— )] +n,(1), (31)
where v, for n=1, 2, 3, ... are constants and

2

)=
(1) 2n+1

j'an(u) sin[(n + 1)(r — u)] du.

Now we need to estimate v, and the function s '(1) 5,(t).
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The estimate of v,: from (31)

galz, z)y=lim s~ (1) (1)

t— =z

sin[(n+3)(z—1)] 4 lim D)

=v, lim - - - -
1~z  sinz—sin¢ 1—zsinz-—sin¢
. (n+3)cos[(n+i)z—1) Wz
=v,,11m( 2 [ 3)( ]+ Na(2)
(=2 cos ! —cos 2
n+3
=¥ —_,
"cosz

hence

_ q,(z, z)cos z _cos z¥n o qi(z) -
n+3 n+3

O<v, 5

The estimate of s '(¢)n,(¢): from (28), (29), and (15) for a> —1,
B> —1
‘6n(t)[ <pn+1[lﬁn(t)| an+l(z)l + l’yn(t” |qn(z)’] <66n’
hence |n,(1)} < ¢ |z—t|. From this

B =1 _ o
. . :C7 - s
Isin z — sin 7| |z—1tlcos & cosé

Is () n(0)l <cq

where the Lagrange mean-value theorem was used and ¢ is a number
between z and ¢, i.e., £ €j;. Hence we get

s~ YD) nD] <. (32)
Further, we establish the constants v,: Equation (31) yields
4nlz, 1) g(1) = v, q(z) D,(z, t) sec =+ x, (1) +5 (1) n,(2) g(1),
where
Aty =v,{s (1) sinl(n+ 3z —1)] g(¢) —ng(z) D,(z, t) sec z},
where for r€j,; and for almost all natural numbers

sin[(n 4 3)(z — t)]{ q(#) _ q(-’)j”
2sin((z—1)/2) |cos{(z+1)/2) cosz

(a(OF = vl

<y cosec <y, (33)

41
q(t) sec %—q(:) sec z
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because the function g(z)=g(z)sec((z+1t)/2)—¢g(z)secz has the finite
derivative

,(,)zllm g(1)
s (=)

Then
q.(z, 1) q(t)=mnv,q(z) D,(z, t)sec z + a,(t), (34)
where according to (32) and (33) for a> — 4, > —1
[oa()] = 11alt) 4571 (1) nal1) g(1)] < €40 (35)
Using the relations (18), (19), (12), and (13), where we put § =»n"'2 and

the relation (35) from the equality

J q,(z, t)q(t)dt:nv,,q(z)seczf D, (z, t)a’t+_[ o,(t)dt

In Jn
we get the relation

q(:) + 82.11 = TCV,,q(Z) sec Z(l + B3.n) + 84,!1’ (36)

because

f o,(1) dt) <[z4n " =(z=n"")]c,o=2c,on "2

In
From (36) we obtain nv,g(z)secz=¢q(z)+ &5, — &4, — E5.,, 1€,

Cos Z
vn = - +86,n’

and substituting it into (34) we get (24).

3. PROOF OF THEOREM

Assume that f(x) is a function for which (6) exists. Then for any ¢>0
there exists ¢ >0 such that for the interval j;=(z — 90,z +90) = (—n/2, n/2)

j_ | f(sin 1)| dt <. (37)
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Then

2

s )= | f0) Qv w) QU du=gq ') [ flsin 1) g,(z 1) g d,

—ni2

where z = arcsin x, 1= arcsin u.
Using the relation (24) we get

5,06 £y = (14 20,) [ f(sin ) D,z 1) dr

+q7') | fisin 6) g,z 1) q(e) dr

[—a/2.7/2) = s

+[ fisint) g @) 0, (0) . (38)

Since according to (5) and (35), |¢”'(z)o,(1) <ec, in j; taking into
account (37), the following inequality is valid:

j f(sint)g Yz2)o,(t)dt|<c,. (39)

&

Construct the function ¥(z) as follows:

(z)= f(sin z) for ze(—n/2,n/2)
‘/’“”{0 for ze[—m n]—(—n/2, n/2).

If S,(z, ) is given by (10), then according to (11) we express it in the
form

S (2 )= j f(sin 1) D, (z. 1) dr

— /2

= [ f(sin 1) D,(z. 1y di + 5,(2), (40)
where

lim ¢,(z)=0. (41)

”n—s o

640:80:2-2
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Subtracting (40) from (38) for x =sin z we have
Prn= S"(.Y, f) - S,,(Z, ‘p)

=e0, [ Slsing) D, (1) dr

+q"(z)f[7 . f(sin 1) q,(z, 1) q(1) dt

+[ fsineyg @) o) di—e 2,

where

61,0 [ £sin 1) D,z 1) ] eyl TSz )+ o2

<ecyn ey lnn+ e, (2)!]

with regard to (40) and (14), where

lim le, , J f(sin t) D,(z, t) de| = 0. (42)

n— AL

Further

lim sup {p,] < lim

n— o0

. j_»f(sin 1) Dz, 1) di

+ tim |g'() | fisin 1) g,(z, 1) g(1) dt
"o [-n2,m2] —jo

+ lim |e,(z)]

+ lim sup ff(sint)q*‘(z)a,,(t)dt.
n— x Js

The first three limits on the right-hand side of this inequality are 0 in con-
sequence of (42), Lemma 4, and (41). Hence, with regard to (39),
lim, , . sup|p,| <c, and as ¢ is any positive number, it yields

lim sup |p,|=0,

n— x

1e.,

lim p,=0.

n-— %0
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